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Resumen de fórmulas de coordenadas curviĺıneas ortogonales

x= ρ cosϕ= r sen θ cosϕ
√
x2 + y2 = ρ= r sen θ

√
x2 + y2 + z2 =

√
ρ2 + z2 = r

y= ρ senϕ= r sen θ senϕ arctg
y

x
=ϕ= ϕ arctg

√
x2 + y2

z
= arctg

ρ

z
= θ

z = z = r cos θ z = z = r cos θ arctg
y

x
= ϕ =ϕ

Vector de posición:
r = xux + y uy + zuz

r = ρuρ + zuz

r = rur

Factores de escala:

hi =
∣∣∣∣ ∂r∂qi

∣∣∣∣
hx = 1 hy = 1 hz = 1
hρ = 1 hϕ = ρ hz = 1
hr = 1 hθ = r hϕ = r sen θ

Diferencial de volumen:
dτ = h1h2h3 dq1 dq2 dq3

dτ = dx dy dz

dτ = ρ dρ dϕ dz

dτ = r2 sen θ dr dθ dϕ

Diferencial de longitud:
dr = h1 dq1 u1 + h2 dq2 u2 + h3 dq3 u3

dr = dxux + dy uy + dzuz

dr = dρuρ + ρ dϕuϕ + dzuz

dr = drur + r dθ uθ + r sen θ dϕuϕ

Diferencial de superficie coordenada:

dS|q3=cte = h1h2dq1dq2u3

dSx = dy dz ux dSy = dx dz uy dSz = dx dy uz

dSρ = ρ dϕ dz uρ dSϕ = dρ dz uϕ dSz = ρ dρ dϕuz

dSr = r2 sen θ dθ dϕur dSθ = r sen θ dr dϕuθ dSϕ = r dr dθ uϕ

Vectores unitarios:

ui =
1
hi

∂r
∂qi

ux =cosϕuρ − senϕuϕ = sen θ cosϕur + cos θ cosϕuθ − senϕuϕ

uy =senϕuρ + cosϕuϕ = sen θ senϕur + cos θ senϕuθ + cosϕuϕ

uz = uz = cos θur − sen θuθ

cosϕux + senϕuy = uρ =sen θur + cos θuθ

− senϕux + cosϕuy =uϕ = uϕ

uz = uz =cos θur − sen θuθ

sen θ cosϕux + sen θ senϕuy + cos θuz = sen θuρ + cos θuz = ur

cos θ cosϕux + cos θ senϕuy − sen θuz = cos θuρ − sen θuz = uθ

− senϕux + cosϕuy = uϕ =uϕ

Gradiente:

∇φ =
1
h1

∂φ

∂q1
u1 +

1
h2

∂φ

∂q2
u2 +

1
h3

∂φ

∂q3
u3

∇φ =
∂φ

∂x
ux +

∂φ

∂y
uy +

∂φ

∂z
uz

∇φ =
∂φ

∂ρ
uρ +

1
ρ

∂φ

∂ϕ
uϕ +

∂φ

∂z
uz

∇φ =
∂φ

∂r
ur +

1
r

∂φ

∂θ
uθ +

1
r sen θ

∂φ

∂ϕ
uϕ

Rotacional:

∇× A =
1

h1h2h3

∣∣∣∣∣∣∣∣∣∣

h1u1 h2u2 h3u3

∂

∂q1

∂

∂q2

∂

∂q3

h1A1 h2A2 h3A3

∣∣∣∣∣∣∣∣∣∣

∇× A =
(
∂Az

∂y
− ∂Ay

∂z

)
ux +

(
∂Ax

∂z
− ∂Az

∂x

)
uy +

(
∂Ay

∂x
− ∂Ax

∂y

)
uz

∇× A =
(

1
ρ

∂Az

∂ϕ
− ∂Aϕ

∂z

)
uρ +

(
∂Aρ

∂z
− ∂Az

∂ρ

)
uϕ +

1
ρ

(
∂(ρAϕ)
∂ρ

− ∂Aρ

∂ϕ

)
uz

∇× A =
1

r sen θ

(
∂(sen θAϕ)

∂θ
− ∂Aθ

∂ϕ

)
ur +

1
r

(
1

sen θ
∂Ar

∂ϕ
− ∂(rAϕ)

∂r

)
uθ +

1
r

(
∂(rAθ)
∂r

− ∂Ar

∂θ

)
uϕ

Divergencia:

∇ ·A =
1

h1h2h3

(
∂(A1h2h3)

∂q1
+
∂(h1A2h3)

∂q2
+
∂(h1h2A3)

∂q3

)

∇ · A =
∂Ax

∂x
+
∂Ay

∂y
+
∂Az

∂z

∇ · A =
1
ρ

∂(ρAρ)
∂ρ

+
1
ρ

∂Aϕ

∂ϕ
+
∂Az

∂z

∇ ·A =
1
r2
∂(r2Ar)
∂r

+
1

r sen θ
∂(sen θAθ)

∂θ
+

1
r sen θ

∂Aϕ

∂ϕ

Laplaciano:

∇2φ =
1

h1h2h3

(
∂

∂q1

(
h2h3
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∂φ

∂q1

)
+

∂

∂q2

(
h1h3

h2

∂φ

∂q2

)
+

∂

∂q3

(
h1h2

h3

∂φ

∂q3

))

∇2φ =
∂2φ
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1
ρ

∂
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(
ρ
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1
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∇2φ =
1
r2

∂

∂r

(
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∂φ

∂r
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+

1
r2 sen θ

∂

∂θ

(
sen θ

∂φ

∂θ

)
+

1
r2 sen2 θ

∂2φ
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